Abstract. Using the relative derived categories, we prove that if an Artin algebra A has a module T with inj.dimT < ∞ such that ⊥ T is finite, then the bounded derived category D b (modA) admits a categorical resolution; and that for CM-finite
A non-commutative crepant resolution in the sense of M. Van den Bergh [VB] has all these properties. For other influential works see e.g. [BKR] , [BLV] , [Lu] and [SV] .
In this paper we combine Kuznetsov's definition with Bondal-Orlov's one (Definition 1.1). Throughout A is an abelian category and A an Artin algebra. If A has enough projective objects, then P := P(A) denotes the full subcategory of projective objects.
For a full additive subcategory C of A, the relative derived category D b C (A) has been studied in different setting up (e.g. [N] , [Bu] , [GZ] , [C2] and [AHV] ). If C is a resolving and contravariantly finite, then D b (A) can be described as D A has enough projective objects, then
is not always true, although this is the case in the many situations (Section 2).
Define the singularity category of A to be
For other definitions of the smothness see e.g. [KS] , [Lu] and [TV] . 
(ii) π * is left adjoint to π * on D perf , that is, there is a functorial isomorphism ηP,X :
where ηP is the morphism ηP,π * P (Idπ * P ) : P → π * π * P .
(2) ( [K, 3.4] ) A categorical resolution ( D, π * , π * ) of a triangulated category D is weakly crepant if π * is also right adjoint to π * on D perf .
Note that (iii) implies that π * : D perf → D is fully faithful. If π * : D → D is full and dense, then (i) holds automatically; however π * usually can not be full.
It is well-known that for a complex singular variety X there is a proper birational resolution of singularities X → X; and if X is of rational singularity, then
weakly crepant categorical resolution ( [K] ).
1.4. Let B be an additive category, C its additive full subcategory, and X ∈ B. A morphism f : C → X with C ∈ C is a right C-approximation of X, if the induced map HomB(C ′ , f ) is surjective for each C ′ ∈ C. If each object of B has a right C-approximation, then C is contravariantly finite in B ( [AR] ). For example, for M ∈ modA, addM (resp. AddM ) is contravariantly finite in modA (resp. ModA).
Let A be an abelian category with enough projective objects. A full subcategory C is resolving ( [AB] ), provided that C ⊇ P, C is closed under extensions and direct summands, and that C is closed under the kernels of epimorphisms. A resolving subcategory is additive.
Denote by GP(A) the full subcategory of A consisting of Gorenstein-projective objects ( [EJ] ). Then GP(A) is a resolving subcategory of A, and GP(A) is contravariantly finite in A ( [AR] , [EJ] , [H] ), if each object of A has a finite Gorenstein-projective dimension.
Note that GP(ModA) is contravariantly finite in ModA ([Be1, 3.5] ). An Artin algebra A is CM-finite, if GP(modA) has only finitely many pairwise non-isomorphic indecomposable objects; and A is Gorenstein, if inj.dimAA < ∞ and inj.dim AA < ∞. For a CM-finite algebra A, GP(modA) is contravariantly finite in modA. For examples of CM-finite non-Gorenstein algebras we refer to [Rin] . If A is virtually Gorenstein, then GP(modA) is contravariantly finite in A-mod ([Be1, 8.2] ). In particular, if A is Gorenstein then GP(modA) is contravariantly finite in A-mod.
Perfect subcategory of a triangulated category
We give two classes of abelian categories A with enough projective objects, such that D
A is finitely filtrated, if there are finitely many objects S1, · · · , Sm, such that for 0 = X ∈ A there is a sequence of monomorphisms 0 = X0
For example, modA is finitely filtrated for Artin algebra A.
Proposition 2.2. Let A be an abelian category with enough projective objects.
(
(1) Let A be finitely filtrated by S1, · · · , Sm.
Si. Let I(P ) be the finite set of integers i with Hom
Since any object of A has a filtration with factors in {S1, · · · , Sm}, and any short exact se-
0 for j / ∈ I(P ) and any object M ∈ A. So P ∈ K b (P) by Lemma 2.1.
(2) The idea is due to J. Rickard [Ric, Prop. 6.2] . Take a quasi-isomorphism Q → P with Q ∈ K −,b (P) and H n P = 0, ∀ n ≤ N . It suffices to prove that there is an integer n with n ≤ N such that Imd
Example 2.3. We include an example such that
, where grR is the category of finitely generated graded right A-modules, which is an abelian category with enough projective objects.
Since grS is of finite global dimension, we have
On the other hand, by the BGG
this implies that each object in grR has finite projective dimension, which is absurd.
3. Relative derived categories 3.1. Let C be a full additive subcategory of abelian category A.
is a quasi-isomorphism for all objects C ∈ C, or equivalently, the mapping cone Con(f • ) is C-acyclic. For * ∈ {b, −, blank}, let
Cac (A) denote the full subcategory of the homotopy category K * (A) consisting of Cacyclic complexes. Then
, [GZ] , [C2] ). If A has enough projective objects and
consisting of acyclic complexes, and hence the derived category 
, is fully faithful. The following facts are in [AHV] , [GZ] , and [CFH] .
Lemma 3.1. Let C be a full additive subcategory of abelian category A.
then f • is a homotopy equivalence.
(4) If C is a contravariantly finite subcategory of A, then there is a triangle-equivalence
3.2. Let A be an abelian category with enough projective objects, and C a resolving subcategory. Denote by K b ac (C) the full subcategory of K − (C) consisting of those complexes which are homotopy equivalent to bounded acyclic complexes over C. It is clear that
Since C is closed under kernels of epimorphisms, it
This implies that the induced epimorphism d n−1 : C n−1 → Im d n−1 splits for n ≤ N , and hence there is an isomorphism
Proposition 3.3. Let A be an abelian category with enough projective objects, and C a resolving contravariantly finite subcategory. Then
, and we
, which is also a quasi-isomorphism
. This proves the claim.
By construction F ′ is the restriction of F to K b ac (C), where F is the triangle-equivalence
(4). Hence we get a commutative diagram
Cac (A) where the horizontal functors are embeddings. Thus F induces a triangle-equivalence
where the second the triangle-equivalence is well-known (see e.g. [V, ).
3.3. Let A be an abelian category with enough projective objects, and C a resolving subcategory. An object I ∈ C is a (relative) injective object of C, if HomA(−, I) sends any exact sequence 0 → X1 → X2 → X3 → 0 with each Xi ∈ C to an exact sequence. Clearly, I is an injective object of C if and only if Ext 1 A (X, I) = 0 for X ∈ C, and also if and only if Ext i A (X, I) = 0 for X ∈ C and for i ≥ 1. The following fact is similar to the case of C = A, which is well-known. Since it will be used in the next section, we include a justification.
Lemma 3.4. Let A be an abelian category with enough projective objects, and C a resolving subcategory of A. Then
(1) For P ∈ K − (P) and C ∈ K − (C), there is a functorial isomorphism
given by f → f /IdP (the right fraction). (2) Let I be a bounded complex of injective objects of C and
(3) Let I be a bounded complex of injective objects of C and C ∈ K − (C). If t : I → C a quasi-isomorphism, then there is a chain map s :
(4) For a bounded complex I of injective objects of C and
Proof.
(1) Assume f /IdP = 0. This means that there is a quasi-isomorphism t : Z → P with f t = 0. Thus there is g : P → Z such that tg is homotopic to IdP (cf. Lemma 3.1(1)).
So there is a quasi-isomorphism g : P → Z such that sg is homotopic to IdP , and hence f /s = f g/sg = f g/IdP .
(2) We need to show that any chain map f : G → I is null-homotopic. We construct a homotopy s = (s i ) by induction. Assume that we have constructed
Since G is an upper bounded acyclic complex with all G i ∈ C, and C is closed under the kernels of epimorphisms, it follows that Since I m is an injective object of C, it follows that there is (4) The proof is dual to the one of (1), by using (3).
Main results
Theorem 4.1.
(1) Let A be an Artin algebra of gl.dimA = ∞, and T ∈ modA with inj.dimT < ∞. If there is a module M ∈ modA such that
(2) Let A be a CM-finite Gorenstein algebra of gl.dimA = ∞, and B its relative
Note that in general there are no modules
If in addition A in Theorem 4.1(2) is a commutative local ring, then G. J. Leuschke [Le] has observed that it is a non-commutative crepant resolution [VB] .
4.1. For a right noetherian ring R, by [A1] gl.dim(ModR) = gl.dim(modR), which is denoted by gl.dimR. For Artin algebra A, gl.dimA is just the maximum of proj.dimS(i), where {S(1), · · · , S(n)} is the set of simple A-modules, up to isomorphisms.
Lemma 4.2. Let A be an Artin algebra, and M ∈ modA. If M is a generator (i.e., AA ∈ addM ), then HomA(M, −) : modA → modB is fully faithful.
Proof. Note that HomA(M, −) induces an equivalence between add M and P(modB) ( [ARS, p.33] ). Since M is a generator, for any X ∈ modA there is a surjective A-map M m ։ X for some positive integer m. This implies that HomA(M, −) is faithful.
Let X, Y ∈ mod A and f : Hom(M, X) → Hom(M, Y ) be a B-map. By right add Mapproximations we get exact sequences T1 Applying Hom(M, −) we get the diagram with exact rows
Then f induces f1 and f0 such that the diagram commutes. Thus fi = HomA(M, f 
and hence there is f ′ ∈ HomA(X, Y ) such that the diagram commutes. Then one easily deduces that f = HomA(M, f ′ ), i.e., HomA(M, −) is full.
Lemma 4.3. [AB, 3.12] ) Let A be an abelian category with enough projective objects, X a resolving subcategory of A. For exact sequences
in A with Xi ∈ X and Yi ∈ X for 0 ≤ i ≤ n − 1, then Xn ∈ X if and only if Yn ∈ X . Proof. Assume that gl.dimB ≤ r. Take a right addM -approximation f0 : M0 → X of X ∈ modA. Since M is a generator, f0 is surjective. Again taking a right addMapproximation M1 → Kerf0, and repeating the process we get an exact sequence 
with each Mi ∈ addM. Thus for i ≥ 1 we have Ext
By construction we get an exact sequence
This is a projective resolution, and hence proj.dim B Y ≤ r. This proves gl.dimB ≤ r.
If A is representation-finite and T an injective module, then B is the Auslander algebra of A ( [ARS] ). If A is CM-finite Gorenstein algebra and T := AA, then Theorem 4.4 is also well-known, and B is the relative Auslander algebra of A ( [LZ] , [Be2] ; also [Le] ). 
, we have a triangle-equivalence
By addM = ⊥ T we see that addM is resolving, and hence addM is a resolving contravariantly finite subcategory of A-mod. By Proposition 3.3 we have a triangle-equivalence
with GP = P for P ∈ K b (P(modA)). Thus, we get a triangle functor
where Gorenstein-projective modules, and hence GP(ModA) = AddM . Since A is Gorenstein, it follows from [EJ, Corol. 11.5.3] (or [Be1, Prop. 3.10] ) that GP(ModA) = ⊥ big (AddAA). Proof. Choose T to be an injective module in modA, and M to be the direct sum of all the pairwise non-isomorphic finitely generated indecomposable modules. By Theorem 4.1(1) we get the assertion for D b (modA).
Thus
Since A is representation-finite, by [A2, Corol. 4 .8] any A-module is a direct sum of finitely generated indecomposable modules. It follows that 
